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A n u m b e r  of s p e c i a l  f e a t u r e s  a r e  c h a r a c t e r i s t i c  fo r  the  m e c h a n i c a l  b e h a v i o r  of p o l y m e r  m a -  
t e r i a l s ;  on the  p h e n o m e n o l o g i c a l  l e v e l  they f ind t h e i r  d e s c r i p t i o n  wi th in  the  f r a m e w o r k  of 
c o m p l i c a t e d  con t inuous  m o d e l s  [1-3] .  Among  t h o s e  s p e c i a l  f e a t u r e s  t h e r e  a r e  v a r i o u s  k inds  
of v i s c o e l a s t i c i t y  which  m u s t  be  t aken  into  accoun t  when a n a l y z i n g  the flow and d e f o r m a t i o n  
of p o l y m e r s .  In the  p r e s e n t  a r t i c l e  s m a l l  o s c i l l a t i o n s  a r e  i n v e s t i g a t e d  of a g a s - f i l l e d  s p h e r -  
i c a l  c h a m b e r  in a v i s c o e l a s t i c  p o l y m e r  m e d i u m  d e s c r i b e d  by a r h e o l o g i c a l  equat ion  with 
e ight  c o n s t a n t s  [3]. An exac t  so lu t ion  i s  ob t a ined  of the  equat ion  of s m a l l  o s c i l l a t i o n s  Of the  
c h a m b e r ,  the  e f fec t  be ing  s t ud i ed  of the  t h e o l o g i c a l  p a r a m e t e r s  of the m e d i u m  on the o s c i l -  
l a t i o n s .  The  a n a l y z e d  p r o b l e m  is  of p a r t i c u l a r  i n t e r e s t  in c onne c t i on  with the  p r o b l e m s  of 
a c o u s t i c  c a v i t a t i o n  in aqueous  s o l u t i o n s  of p o l y m e r s  [4-6].  

The  r h e o l o g i c a l  equat ion with e igh t  c o n s t a n t s  [3] which  i s  u sed  to d e s c r i b e  the  m e c h a n i c a l  b e h a v i o r  
of a n u m b e r  of p o l y m e r  m e d i a  i s  g iven  by 
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In the  a b o v e  Pik, elk,  and Wik a r e  the  s t r e s s  t e n s o r ,  t e n s o r  of the  d e f o r m a t i o n r a t e s , a n d  the w h i r l  t e n -  
s o r  r e s p e c t i v e l y ;  p i s  the  i s o t r o p i c  p r e s s u r e ;  v i a r e  the  p r o j e c t i o n s  of the  ve loc i t y  v e c t o r  on the  c o o r d i n a t e  
a x e s  xi;  ~1, h2, Po, Pt, 02, 77o, vl, v2 a r e  the  t h e o l o g i c a l  c o n s t a n t s ;  D / D :  i s  the J a u m a n  d e r i v a t i v e .  

S m a l l  r a d i a l  o s c i l l a t i o n s  a r e  c o n s i d e r e d  of a g a s - f i l l e d  s p h e r i c a l  c h a m b e r  of r a d i u s  R i m m e r s e d  in 
an unbounded i n c o m p r e s s i b l e  v i s c o e l a s t i c  m e d i u m  (1) wi th  d e n s i t y  p. S p h e r i c a l  c o o r d i n a t e s  r ,  0, qo a r e  i n -  
t r o d u c e d  with the  o r i g i n  a t  the  c e n t e r  of the  c h a m b e r .  A s s u m i n g  tha t  the  f low has  s p h e r i c a l  s y m m e t r y  one 
f inds  f r o m  the con t inu i ty  equat ion  

1 0 (2) 
r '  Or (rOvr) == 0 

the  equa t ions  

v, = R2J?r -2, J~ = dR / d t  (3) 

The  p r o j e c t i o n  on the r ax i s  of the  equa t ion  of mot ion  of the  con t inuous  m e d i u m  in t e r m s  of s t r e s s e s  
i s  

Ovr OVr ~ Op , 3Xrr , 2 (~'rr - -  T.o:~) 
O \ - ~ - ' + G ~ ]  & o~ ' r (4) 
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In the  above  one  h a s  t aken  into accoun t  that  x** = ~00 ho lds  by v i r t u e  of the p r e v i o u s l y  a s s u m e d  s y m -  
m e t r y .  I n t e g r a t i n g  Eq. (4) wi th  r e s p e c t  to r f r o m  R to ~ ,  us ing  Eq. (3) and p r o c e e d i n g  to a n o t h e r  v a r i a b l e  
y = 1 /3  (r  a - R a ) ,  the  equa t ion  of mo t ion  i s  ob ta ined  of the  bounda ry  of the  c h a m b e r ,  n a m e l y  

oc 

O(RR .4- =/zit ~-) .= p ( R )  - -  p ( ~ )  + -r,, ( ~ ) -  ,r~ (R)..I-2 i "%--%* de 3 u :  ~.~ (5) 
0 

In Eq. (5) r r r ( R ) ,  p(R) and r r r ( ~  ), p(oo) deno t e  the  s t r e s s  and p r e s s u r e  on the s u r f a c e  of the  c h a m b e r  
o r  a t  in f in i ty .  

F o r  p(R) [4] one has  the  fo l lowing  b o u n d a r y  cond i t ion :  

p (R) = p~ (R) - -  2crR -x + rr~ (R), p~ (R) = Pxo (RoR-1)  a~ (6) 

w h e r e  pl(R) and Pl0 a r e  p r e s s u r e s  of g a s  i n s i d e  the c h a m b e r  a t  any t i m e  i n s t a n t  and at  the  i n i t i a l  i n s t an t  r e -  
s p e c t i v e l y ,  R 0 i s  the  i n i t i a l  r a d i u s  of the  c h a m b e r ,  ~ i s  the  c o e f f i c i e n t  of s u r f a c e  t ens ion ,  k i s  the  index  of 
t h e  p o l y t r o p i c  c u r v e .  The  quant i ty  P l 0 c a n b e f o u n d  f r o m  the  e q u i l i b r i u m  cond i t i on  f o r  the  c h a m b e r  unde r  
p r e s s u r e  Po~ a t  the  i n i t i a l  i n s t a n t ,  

Px0 = po~ ~- 2eR0 -I (7) 

The  equa t ions  fo r  r r r  and rqxp a r e n o w  w r i t t e n  down. By subs t i t u t i ng  Eq. (3) in Eq. (1) and chang ing  to 
t he  v a r i a b l e  y one  ob t a in s  

01~rr ~ . B2]~  l ~ ] t  

[ R"-)t 21qit"-.i- ltah It~TR2 "1 
- -  /4,1, L ~  + Lz 3y_i_ lta _ ( 4 p z - - 3 v = - -  3 ~ , , ) ~ ]  

[ n,/~, ] . , , ! t ' z#,  R Z ] f  k e  2 B i t "  -+ Bz,t'~ _ _  (2p2  __ 6V2 if- 3 k . )  (3y -.'- Ha) ~- '-- (PO - -  ZYI) ~ Trr == 21],} 3y -i- /U " 3tl  -:- le, a " - -  

The  quant i ty  p(o~) is  r e p r e s e n t e d  a s  

p (oo) ~_ p=  - p0 sin ~ot (9) 

w h e r e  P0/P~o << 1. U n d e r  p e r i o d i c a l  p r e s s u r e  s m a l l  r a d i a l  o s c i l l a t i o n s  c l o s e  to the e q u i l i b r i u m  p o s i t i o n  b e -  
gin  to a p p e a r  in t he  c h a m b e r .  By s e t t i ng  R = R0+z7,R, w h e r e  _~,R d e n o t e s  a s m a l l  d e v i a t i o n  f r o m  the  quant i ty  
R 0, Eqs .  (5) and (8) b e c o m e  l i n e a r i z e d .  Th i s  y i e l d s  t he  fo l lowing  s y s t e m  of l i n e a r  equa t ions  fo r  the  unknowns 

&R and r r r :  

�9 ,o" ~ r Bo P= ~- Ro \ -~- AR = p o s i n o ) t + 3  ~ d y ,  ~ = - - ' ~ - ' ~ , r  (10) 
0 

Or"r 2 4~ oR~ t d (511) d ~ (h/0  
Xl --aT- ,- *rr = (11) 3t! -r- lto s ~ dt + X~ d t - ' - - ]  

The  i n i t i a l  c o n d i t i o n s  a r e  g iven  by  

AB---  d ( A R ) / d t = z T , = 0  for t = O  

The  s y s t e m  (10) and (11) can  be s o l v e d  by us ing  o p e r a t i o n a l  c a l c u l u s  [7]. 
f o r m s  of the  equa t ions  one o b t a i n s  an equa t ion  fo r  the  t r a n s f o r m  of / 'R ,  

By t ak ing  the  L a p l a c e  t r a n s -  

t ion 

AR* = 1' (~i -1 + s) [(s ~ + ,2) (s - -  sl) (s - -  s2) (s - -  s3)l -I {i2) 

In the  a b o v e  s i s  the  c o m p l e x  L a p l a c e - t r a n s f o r m a t i o n  v a r i a b l e ;  s l ,  s 2, s 3 a r e  r o o t s  of the  cub ic  equa -  

~ + as2 + bs + c = O 

a = t.l -x + 2&I~.XI-', b = fl !- 2aLx- ' ,  

a ----- 2r10 (pBoZ) -x, 1' = po'~ (91to) -1 

c = ~Z.I-~ 
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= 3k [ p ~  -t- 2c rRo- '  ( t  - -  (3k)-~)] (pRoz)  -1 (13)  

U s i n g  C a r d a n ' s  f o r m u l a s  o n e  c a n  w r i t e  t h e  s o l u t i o n s  o f  E q .  (13)  a s  

s ~ = A  q - B - - a / 3 ,  s:, 3 . . . .  ' / z ( A  - I - B )  -+-i l / 3  (A  - -  B )  / 
/ 2 - - a / 3  

A = ~ / - -  u / 2  -4- I~--Q,  B = ~ / - -  u ] 2  - -  ) / ' - Q ,  Q - = ( 0 / 3 ) ~ - t - ( u / 2 )  ~ (14)  

u = 2 ( a / 3 )  ~ - a b / 3 - ~ - c ,  v = - ' / a a  z +  b 

A p p l y i n g  n o w  t h e  i n v e r s e  L a p l a c e  t r a n s f o r m a t i o n  t o  t h e  r e l a t i o n  (12)  o n e  f i n d s  a n  e x p r e s s i o n  f o r  & R .  

T h e  f o l l o w i n g  t h r e e  c a s e s  t a k e  p l a c e  d e p e n d i n g  o n  t h e  s i g n  o f  Q .  

1. Q > 0.  E q u a t i o n  (13)  h a s  o n l y  o n e  r e a l  r o o t  (s~) a n d  t w o  c o m p l e x - c o n j u g a t e  r o o t s  (s~ a n d  s3) .  B y  

r e p r e s e n t i n g  t h e  s z ,  a i n  t h e  f o r m  s L a  = 5 + i~t ,  o n e  o b t a i n s  

A R  = T o - ' D  s in  (~0t -4- cq) -t- "re ~! sin (ut -f- ~)  . 
r 

(~a -1 ~- 3,) ~ sin (lit 4- as) . "r (;~l - i  -:- 3,) e t't 
nt- }t [g2 (35~ -- ~o --  toz _ 22t.r a_ [(5 - -  s,) (6 ~ -~- (,)'-' - -  B ~) - -  251~]~] '/' .4- (s~ u -t- to~) (s,'- - -  26s~ -4- 6: -t- Ix z) 

{ :;;, D = [to (to~ - -  ~) -i- (s~ + X~ ~) 2to5] z + [(ato ~ - c) + (~.~' q- s,) (to: - -  6: - -  P'~)]. (15)  
[.~to~ ~_ (~z _ 5~ - -  ~'-')~1 [to: (~o~ --- b)~ + (ato~ - -  c): l 

2(05 [ ( , ) ' z ' ( ~ o ~ - - b ) Z - 4 - ( a o ~ - -  c) ~] q -  (s~ -i- ).~1) to (to~ - -  b) [4toz5 ~ A- (to~ - -  6 ~" - -  Ix~) ~'] 
tg  a~ = 

(to~176 ~)[(0,(of--b)~q .(~to,-c)~l-t-(~,q-;~')(~o,~--r 

28~t lx (35 r - -  I~ ~ + ~o~ 4- 26.~,) 
t g  (t~ ~ _ ~ _ 6~ , t g  % = (.~ - -  5) (5 ~- - -  ~t~ + to~) 4- 26~ t~ 

2.  Q = 0. E q u a t i o n  (13)  p o s s e s s e s  t h r e e  r e a l  r o o t s ,  t w o  o f  t h e m  b e i n g  t h e  s a m e .  T h e  f o r m u l a  f o r  

~ R  n o w  b e c o m e s  

7 (s: + 7.~b 
A t l  = 7o)- tD s in  ((,)t -{- a l )  + (s2 - -  s,) 2 (st a + to2) e ~'t -t- 

"r (x~ I + s,) [as, C s, - s~) - (3,2 + co~) l _ 2"m (s2 - s,), "r C~; I + s~) 
-4- (s~ 2 + (0~)~ (s, - -  s,)~ e,r  -t- (3~ + co2) (sa - -  s,) tes't 

(16) 
D = (sl 2 + (o'2) -'.', (s.z: ~ r - '  (so - -  s,)-o- {()~;l _~. sz)2 (.ho- + r • 

.". (sz - -  sl) ~ - -  2 (~.~t _~_ sl) (k~ 1 + s2) (so- - -  .~t) Is1 (s2 ~ - -  co") ~ 2(o'-'so-] , -  (X~' + sl) ~- (s~. '2 + ~r 

2tos.. (s~ - -  s,) (si z -I- ~o 2) 0.[ -I 4 .~) - -  (o 0.~ 1 + s,) (s~ ~ + toz)z 
tg  a~ : 

(s2 ~ - -  to~) (s~ - -  s,) (s,~ + r 0 ~ '  - i  s~) - s~ (~.~ + s,) (s~ + to~)~ 

3.  Q < o.  E q u a t i o n  (13)  p o s s e s s e s  t h r e e  d i f f e r e n t  r e a l  r o o t s .  In  t h i s  c a s c  o n e  h a s  

"r (x~' 4 s,) "r (x ; '  .+ s~) 3" (x~' + s~) 
�9 -e s,t -4- es~t , es,t A B  = T~o-'D s in  ((ot -~- % )  - -  (s~. -~ o)~) (st - -  s..) (s~ - -  s~) (sCz =_ toz) (s.. - -  s,) (s~ - -  ,.~) -;- (sa'-' -[- r (s~ - -  s,) (s~ - -  s..) 

(0 (s: + cl-  0.; '  V '  
(17)  D t b o'-' (~z "- .~)~ t ((0" - ~..s,,):} [(0~ ( ~  - b) ~- ._ (.(0"- - -  c)~] J 

(t) (s2. !- S3) [0) 2 ((02 - -  b) ~ -1- ((t(o~ _.  r - I  (~l, l l  -.! s t )  6) (012 --  b) [(05 (s2. }- ~'3) 2 ~- (012 --s2.r 
t g a x  = - - -  

(,)2 _ s~s~) [(0"- (to: - -  b) z -I (ato~ - -  c)~] =- (~.~t _!_ s,) (am'- - -  c) bo ~ (s.z -r" s~)'- .}- (to" - sasz)'-] 

T h e  r e l a t i o n s  ( 1 5 ) - ( 1 7 )  r e p r e s e n t  a l l  p o s s i b l e  s o l u t i o n s  t o  o u r  p r o b l e m .  I t  i s  n o t  d i f f i c u l t  t o  f i n d  t h a t  

i n  a l l  t h r e e  c a s e s  o n e  h a s  R e { s i }  -< 0 (i = 1 ,  2 ,  3 ) .  T h e r e f o r e  i f  t ~ oo t h e  t e r m  T~o-~D s i n  ( c o t + e t )  i s  t h e  o n l y  

o n e  l e f t  i n  t h e  f o r m u l a s  ( 1 5 ) - ( 1 7 ) ,  a n d  d e s c r i b e s  t h e  f o r c e d  o s c i l l a t i o n s  of  t h e  c h a m b e r  w i t h  f r e q u e n c y  co. 

T h e  a m p l i t u d e  o f  t h e  o s c i l l a t i o n  i s  g i v e n  b y  t h e  q u a n t i t y  D .  

T w o  l i m i t i n g  c a s e s ,  ) 't ~ 0  a n d  )t l -  ~ a r e  n o w  s t u d i e d  i n  d e t a i l .  

F o r  X t = 0 E q .  (11)  d e s c r i b e s  a f l u i d  w h i c h  n e e d s  s o m e  t i m e  t o  g e t  i n t o  m o t i o n  p r o d u c e d  b y  a s u d d e n l y  

a p p l i e d  f o r c e  [8 ] .  T h e  c o n d i t i o n  Q > 0 f o r  s u c h  a m e d i u m  i n d i c a t e s  t h a t  f l ( 1 + 2 ( ~ 3 r  > c~ 2. T h e  f o r m u l a  (15)  

n o w  b e c o m e s  

mR = v M  [~o-lsin (cot - .  % )  -§ •  t sill (x l  4 '1'2)] 

M - -  1422602 -~- (~ - -  (,)'Zz)2]-'/~, ~1 = a z - 1 ,  z = 1 - i  2aX~  

1 1 3  



2"~a~ 2= (~z - -  =2)':, 
tg $, = 0~z -- ~ tg $~ = • := z -~ (3z - -  cO')' �9 

The  r e s o n a n c e  f r e q u e n c y  wp i s  now d e t e r m i n e d  f r o m  the e x t r e m a l i t y  of the  a m p l i t u d e  M. 

r = z- '  (~z - -  2a~)', ', 

(18) 

One o b t a i n s  

(19) 

The  r e s o n a n c e  i s  only  o b s e r v e d  i f /3z  > 2a3. In the  c a s e  a3</3z  -<2~ 2 the  m a x i m a l  a m p l i t u d e  o c c u r s  
f o r m a l l y  f o r  w = 0. One now i n v e s t i g a t e s  the  e f fec t  of r e t a r d a t i o n  t i m e  2~ on the  o s c i l l a t i o n s .  F o r  ~ = 0 t he  
f o r m u l a  (19) g i v e s  an e x p r e s s i o n  f o r  the  r e s o n a n c e  f r e q u e n c y  Wp ~ in a Newton ian  f lu id .  If the  inequa l i ty /3  > 
4a3 i s  t r u e ,  then f o r  any ~ r 0o:p < COp* and f o r  A z i n c r e a s i n g ,  the  r e s o n a n c e  f r e q u e n c y  d e c r e a s e s  m o n o t o n -  
i c a l l y .  If, h o w e v e r ,  /3 < 4a  2, then fo r  ;~2 i n c r e a s i n g  f r o m  0 to (2~)-I(4c~2/3-t-1), the  quant i ty  Wp i n c r e a s e s  f r o m  
a:p ~ to 1 / 4 v r ~ - l ,  and then i t  aga in  d e c l i n e s  m o n o t o n i c a l l y  to z e r o .  In the  r e s o n a n c e  c a s e  the  o s c i l l a t i o n  
a m p l i t u d e  i s  Mp = (2o~>'.) -1. With L 2 i n c r e a s i n g  the  quant i ty  Mp i n c r e a s e s .  The  d a m p i n g  c o e f f i c i e n t  i s  d e -  
t e r m i n e d  by el; i t  d e c l i n e s  with A 2 i n c r e a s i n g .  It i s  noted  tha t  the  d a m p i n g  c o e f f i c i e n t  in a v i s c o e l a s t i c  f lu id  
i s  a l w a y s  s m a l l e r  than in a Newton ian  f luid.  F i n a l l y ,  i t  fo l lows  f r o m  Eq. (18) tha t  with X2 i n c r e a s i n g  the  
f r e q u e n c y  of the  e i g e n o s c i l l a t i o n s  of the  c h a m b e r  i s  r e d u c e d ;  the  p h a s e  sh i f t  be tw e e n  c h a m b e r  o s c i l l a t i o n s  
i n c r e a s e s  a s  w e l l  a s  the  p r e s s u r e  at  in f in i ty .  

In the  c a s e  of Q = 0, p r o c e e d i n g  to the  l i m i t  f o r  ~ ' l - -0  in the f o r m u l a  (16) r e s u l t s  in 

AR = 7z (a ~- -i- co2z2) -i [ co-lsin (cot ! %) - t  te-~"-i  - 2az  (&- -~ o;2z~-)-Xe-,,'], tg r := 2ao~z (co~'z z - -  a~') -1 (20) 

It f o l l ows  f r o m  Eq. (20) that  f o r  a g iven  f r e q u e n c y  w the  m a x i m a l  a m p l i t u d e  of the  c h a m b e r - f o r c e d  o s -  
c i l l a t i o n s  t a k e s  p l a c e  in the  m e d i u m  f o r  Xz = (2~) -1 @ w - l - l )  �9 If c~w-l- -  < 1, the  o s c i l l a t i o n  a m p l i t u d e  d e p e n d s  
m o n o t o n i c a l l y  on the  p a r a m e t e r  X2; the  a m p l i t u d e  i s  then m a x i m a l  if 2, 2 = 0, tha t  i s ,  f o r  a Newtonian  f lu id .  

By p r o c e e d i n g  to the  l i m i t  in the  f o r m u l a  (17) with ) , l - -0  one ob t a in s  an e x p r e s s i o n  f o r  2~R in the  c a s e  
of Q < 0, n a m e l y  

AR = Vco a-~I sin (cot -[ r q- I/~7 (a "z - -  fJz)-'"e -~'t [(e22§ 

"~- 032) -1 - -  (832 -~ CO2)-le(t'-aDr E2, 3 = Z-' [a + (a z - -  ~Z)'/'] (21) 

S ince  f o r  Q < 0 the  c o n d i t i o n  X i = 0 t a k e s  the  f o r m  ~z < a~, the  f o r m u l a  (19) canno t  be  e m p l o y e d  f o r  the  
r e s o n a n c e  f r e q u e n c y .  The  m a x i m a l  a m p l i t u d e  t a k e s  p l a c e  f o r m a l l y  f o r  w= 0. 

The  s e c o n d  l i m i t i n g  e a s e  i s  now c o n s i d e r e d .  With  },l and 770 t end ing  to  in f in i ty  one  a s s u m e s  a l s o  tha t  
V0/7,i--G. Then Eq. (11) d e s c r i b e s  an i n c o m p r e s s i b l e  v i s c o e l a s t i c  body of the  Voigt  mode l  [9]. The  c o n d i -  
t ion  Q > 0 now b e c o m e s  ~ + 2 E  > ~ E  2, w h e r e  E = 2G(pR0Z) - l .  F r o m  the r e l a t i o n  (15) one  f inds  that  

hR = ? N  [co-1 sin (~ot + % )  + q- le  -€ sin (qt + q~2)] 

N := [4co2n, 2 i -  (d  - -  o)2)21 - ' ' , ,  d = ~ + 2E, nl = ;%E (22) 

�9 2~ml 2mq 
q =: (d - -  nl2) ',:, tg (D1 = o2 _ d ' tg (p~ = co z _ d -~- 2ha z 

The  o s c i l l a t i o n s  d e t e r m i n e d  by the f o r m u l a  (22) b e c o m e  r e s o n a n c e  o s c i l l a t i o n s  f o r  cop = (d-2n12) 1/2. 
The  r e s o n a n c e  a m p l i t u d e  i s  Np = (2niq) -1. With ~ i n c r e a s i n g  the  v a l u e s  of Wp and Np d e c l i n e .  The  d a m p i n g  
c o e f f i c i e n t  which  i s  d e t e r m i n e d  by  the  va lue  of n I i s  p r o p o r t i o n a l  to k 2. It i s  a l s o  n o t i c e d  tha t  f o r  ~ i n c r e a s -  
ing the  p h a s e  sh i f t  g r o w s  be tween  the  c h a m b e r  o s c i l l a t i o n s  and the  p r e s s u r e  a t  in f in i ty .  F o r  k 2 = 0 the  f o r -  
m u l a s  (22) d e s c r i b e  the  s m a l l  o s c i l l a t i o n s  of a g a s - f i l l e d  c h a m b e r  in an i n c o m p r e s s i b l e  e l a s t i c  body.  

In the  c a s e  of Q = 0 one  f inds  f r o m  Eq. (16) tha t  f o r  a Voigt  m e d i u m  

AR = ~7 ((o z + nl2) -I [r -I sin (~t -}- q~3) -+" te-"'t -~- 2nl  (hi2  ' t -  co2)-le-n, t]  

tg % = 2con 1 ((o 2 - -  nlZ) -I 
(23) 

The  e f fec t  of ~ can  be  d i r e c t l y  o b s e r v e d .  

F i n a l l y ,  a f o r m u l a  f o r  z~R i s  now i n t r o d u c e d  fo r  a Voigt  m e d i u m  in the  c a s e  of Q < 0: 

AR = 7co-' N sin (cot -4- % )  + I/~7 (nl  2 - -  d)-',', [(ns 2 + 

. o~2)_,e.--.3~ - -  (nz2 + co'~)-,e-n,t], nz,s = nl  _:_2- (nx2 _ _  d)';, 
(24) 
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In conclusion, it should be pointed out that one should set ~ = 0 when using the relat ions (22)-(24). 
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